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Abstract. Recent DNS results [Gerolymos G.A., Vallet I. : J. Fluid Mech. 807
(2016) 386–418] have provided data for the terms in the transport equations for
the components of the dissipation tensor εij in low-Reynolds turbulent plane
channel flow. The present paper extends the previous results by a detailed
analysis of the behaviour of various mechanisms in the εij-transport equations
(production, diffusion, redistribution, destruction), with particular emphasis on
the component-by-component comparison with the corresponding mechanisms in
the transport equations for the Reynolds-stresses rij . The splitting of the pressure
terms for the wall-normal components into redistribution and pressure-diffusion
reveals substantially different behaviour near the wall. The wall-asymptotics of
different terms in the transport equations are studied in detail, and examined
using the DNS data. Both DNS data and wall-asympotic analysis show that the
anisotropy of the destruction-of-dissipation tensor εεij is fundamentally different
from that of rij or εij , never approaching the 2-component (2-C) state at the
solid wall.
1. Introduction
Transport equations (Chou, 1945) of 1-point and 2-point statistics are essential both in
understanding turbulence dynamics (Tennekes and Lumley, 1972) and in providing the
theoretical foundations for turbulence modelling (Schiestel, 2008). The fluctuating-
velocity-covariance (2-moment) tensor rij := u′iu
′
j , which defines the Reynolds-
stresses −ρrij , is governed by well known transport equations (Mansour, Kim and
Moin, 1988, (1), p. 17) where the dissipation tensor εij represents the destruction of
rij by molecular friction (viscosity). The dissipation tensor εij also follows transport
equations (Gerolymos and Vallet, 2016a, (3.3), p. 403) where the destruction-of-
dissipation tensor εεij represents the destruction of εij by molecular viscosity. Of
course εεij is governed in turn by its own transport equation where appears its own
destruction-rate, and so on to correlations of higher derivatives of the fluctuating
velocity.
The budgets of the rij-transport equations (1a) have been studied extensively
using DNS (Mansour et al., 1988; Moser, Kim and Mansour, 1999; Sillero, Jime´nez
and Moser, 2013). Closure of noncomputable terms in (1a), along with a transport
equation for some scalar scale-determining variable (Jones and Launder, 1972; Launder
and Spalding, 1974; Wilcox, 1988; Menter, 1994; Jakirlic´ and Hanjalic´, 2002)
has led (Launder, Reece and Rodi, 1975) to the development of second-moment
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closures (SMCs) or Reynolds-stress models (RSMs). Several models of this family
have been assessed for the computation of complex 3-D flows (Gerolymos and
Vallet, 2001; Jakirlic´, Eisfeld, Jester-Zu¨rker and Kroll, 2007; Ce´cora, Radespiel, Eisfeld
and Probst, 2015) and are increasingly used to predict practical 3-D configurations
(Eisfeld, 2015). Comparisons with measurements (Rumsey, 2010) demonstrate the
predictive improvement of 7-equation RSMs against standard 2-equation approaches,
especially in presence of separation and/or secondary flows (Gerolymos, Joly,
Mallet and Vallet, 2010; Gerolymos and Vallet, 2016b) but also highlight remaining
challenges. In general RSMs cannot return the correct wall-asymptotic behaviour for
all of the components of the Reynolds-stress tensor (Yakovenko and Chang, 2007),
and privileging the wall-normal components improves log-law prediction (Gerolymos,
Lo, Vallet and Younis, 2012). An even more difficult challenge is to correctly mimic
the Re-dependence of the near-wall maxima of the diagonal Reynolds-stresses which
is revealed by DNS results (Lee and Moser, 2015). Finally, the hysteretic behaviour
of the separation-and-reattachment process (Gerolymos, Kallas and Papailiou, 1989)
may require additional specific lag-treatments (Olsen and Coakley, 2001).
The correct prediction of near-wall anisotropy (Durbin, 1993) and of lengthscale
anisotropy in general (Lumley, Yang and Shih, 1999) is necessary to meet these
challenges. The replacement of the scalar scale-determining equation used in classical
RSMs (Wilcox, 2006; Schiestel, 2008) by transport equations for the individual
components of εij has been suggested to overcome the unsatisfactory a posteriori
perfomance of algebraic εij-closures (Gerolymos, Lo, Vallet and Younis, 2012).
Detailed DNS data of the εij-transport equations (1b) are necessary to achieve this
goal.
Scrutiny of the budgets of the scalar ε-equation (ε := 12εmm) provided by DNS
(Mansour et al., 1988) has proved particularly useful in improving the closure of this
equation (Lai and So, 1990; Rodi and Mansour, 1993; Jakirlic´ and Hanjalic´, 2002). On
the other hand, very little work has been done concerning the budgets of the tensorial
εij-equations (1b). In a recent work (Gerolymos and Vallet, 2016a) we have generated
DNS data of εij-budgets for low-Re turbulent plane channel flow and discussed the
behaviour of various terms in (1b), with particular emphasis on the 4 production
mechanisms.
The purpose of the present work is to further analyze εij-budgets in turbulent
plane channel flow, and in particular the similarities and differences with respect to
rij-budgets. In §2 we define the terms in the transport equations for rij and εij ,
and calculate the wall-asymptotic behaviour of different terms in the εij-transport
equations (1b) for the particular case of turbulent plane channel flow. These analytical
results are used (§3) to assess very-near-wall DNS data. In §3 we use DNS data (§3.1)
to compare rij-budgets with εij-budgets (§3.2) and to analyze the splitting of the
pressure term Πεij in (1b) into a redistributive and a conservative term (§3.3). In
§4 we compare the anisotropy and associated anisotropy invariant mapping (AIM) of
the Reynolds-stresses rij , their dissipation εij and the destruction-of-dissipation εεij
which exhibits a notably different componentality near the wall. Finally, in §5, we
summarize the main results of the present work.
2. Transport equations and wall asymptotics
Consistent with the DNS data, we study incompressible flow with a Newtonian
constitutive relation in an inertial frame (Gerolymos and Vallet, 2016a). We use
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a Cartesian reference-frame xi ∈ {x, y, z}, note ui ∈ {u, v, w} the corresponding
components of the velocity vector, and use Reynolds decomposition into averaged
(·) and fluctuating (·)′ quantities, We note t the time, ρ u const the density, p the
pressure, ν u const the kinematic viscosity, and µ := ρν u const the dynamic viscosity.
2.1. Transport equations
Straightforward manipulations of the fluctuating momentum (B.7) and of the
fluctuating continuity (B.3) equations and of their gradients lead to the transport
equations for rij := u′iu
′
j (Mansour et al., 1988, (1), p. 17)
ρ
∂u′iu
′
j
∂t
+ ρu¯`
∂u′iu
′
j
∂x`︸ ︷︷ ︸
Cij
=
∂
∂x`
(
µ
∂u′iu
′
j
∂x`
)
︸ ︷︷ ︸
d
(µ)
ij
+
∂
∂x`
(
− ρu′iu′ju′`
)
︸ ︷︷ ︸
d
(u)
ij
+
(
− u′i
∂p′
∂xj
− u′j
∂p′
∂xi
)
︸ ︷︷ ︸
Πij
+
(
− ρu′iu′`
∂u¯j
∂x`
− ρu′ju′`
∂u¯i
∂x`
)
︸ ︷︷ ︸
Pij
−
(
2µ
∂u′i
∂x`
∂u′j
∂x`
)
︸ ︷︷ ︸
ρεij
(1a)
and εij (Gerolymos and Vallet, 2016a, (3.3), p. 403)
ρ
∂εij
∂t
+ ρu¯`
∂εij
∂x`︸ ︷︷ ︸
Cεij
=
∂
∂x`
[
µ
∂εij
∂x`
]
︸ ︷︷ ︸
d(µ)εij
+
∂
∂x`
[
−ρ
(
u′`2ν
∂u′i
∂xk
∂u′j
∂xk
)]
︸ ︷︷ ︸
d(u)εij
−ρεi` ∂u¯j
∂x`
− ρεj` ∂u¯i
∂x`︸ ︷︷ ︸
P (1)εij
−ρ
(
2ν
∂u′i
∂xk
∂u′j
∂x`
)(
∂u¯k
∂x`
+
∂u¯`
∂xk
)
︸ ︷︷ ︸
P (2)εij
−ρ
(
2νu′`
∂u′i
∂xk
)
∂2u¯j
∂x`∂xk
− ρ
(
2νu′`
∂u′j
∂xk
)
∂2u¯i
∂x`∂xk︸ ︷︷ ︸
P (3)εij
−ρ
[
2ν
∂u′`
∂xk
(
∂u′i
∂xk
∂u′j
∂x`
+
∂u′j
∂xk
∂u′i
∂x`
)]
︸ ︷︷ ︸
Ξεij =: P
(4)
εij
−2ν ∂u
′
i
∂xk
∂2p′
∂xj∂xk
− 2ν ∂u
′
j
∂xk
∂2p′
∂xi∂xk︸ ︷︷ ︸
Πεij
− ρ
(
2ν
∂2u′i
∂xk∂x`
)(
2ν
∂2u′j
∂xk∂x`
)
︸ ︷︷ ︸
ρεεij
(1b)
which were reproduced here for completness.
The common origin of (1a, 1b) leads to analogous mechanisms in both transport
equations, where convection by the mean flow (Cij , Cεij ) is balanced by 5 mechanisms:
diffusion by molecular viscosity (d
(µ)
ij , d
(µ)
εij ), turbulent diffusion (mixing) by the
fluctuating velocity field u′` (d
(u)
ij , d
(u)
εij ), production by various mechanisms (Pij , Pεij :=
P
(1)
εij + P
(2)
εij + P
(3)
εij + P
(4)
εij ), the fluctuating-pressure mechanisms (Πij ,Πεij ), and
destruction by molecular viscosity (εij , εεij ). Of course the tensorial componentality
εij-budgets in turbulent plane channel flow 4
(Lumley, 1978; Kassinos, Reynolds and Rogers, 2001; Simonsen and Krogstad, 2005)
and the scaling (Tennekes and Lumley, 1972, pp. 88–92) of various terms in (1b)
differs from that of the corresponding terms in (1a).
2.2. Wall asymptotics
Before studying the present DNS data for the εij-transport budgets (3.2), it is useful to
summarize the theoretically expected (Appendix B) asymptotic behaviour of various
terms in the viscous sublayer, or, formally, as y+ → 0. Inner scaling (Buschmann
and Gad-el-Hak, 2007, ·+) is consistently used in these calculations (Appendix B).
Wall-asymptotics of the terms in (1b) which only involve fluctuating velocities and
their derivatives (d
(µ)
εij , d
(u)
εij , P
(4)
εij , εεij ) can be readily obtained from the Taylor-series
expansions (Riley, Hobson and Bence, 2006, §4.6, pp. 136–141) of u′+i in the wall-
normal direction y+
(·)′+ ∼
y+→0
(·)′+w (x+, z+, t+)+ A′+(·)(x+, z+, t+) y++B′+(·)(x+, z+, t+) y+
2
+C ′+(·)(x
+, z+, t+) y+
3
+D′+(·)(x
+, z+, t+) y+
4
+· · · (2)
under the constraints of the no-slip condition at the wall (A.1a) and of the fluctuating
continuity equation (§B.1). On the contrary, determination of the wall-asymptotics
of terms in (1b) which contain the fluctuating pressure and its derivatives (Πεij ) or
the mean-flow velocities and their derivatives (Cεij , P
(1)
εij , P
(2)
εij , P
(3)
εij ), requires specific
simplifications implied by the fully developed plane channel flow conditions (A.1–
A.3), in line with the analysis of the budgets of rij and ε in Mansour et al. (1988).
Using (2, B.4, B.5), along with specific results (B.6–B.12) applicable to plane channel
flow satisfying conditions (A.1–A.3), readily yields the wall-asymptotic expansions
(Tabs. 1, 2) of various terms in the εij-transport equations (1b). The homogeneity
relations (A.3) were used, when applicable to simplify these expressions. The plane
channel flow identity B′+u C ′+v
(B.11c)
= 0 was used in ε+εij , d
(µ)+
εxy and Π
+
εxy (Tab. 1), while
the plane channel flow identity (B.12) was used to replace B′v∂tA′u
+
in Π+εxy (Tab. 1).
These results (Tabs. 1, 2) are used in the analysis of the DNS data (§3).
3. Turbulent plane channel flow budgets
DNS data generated for plane channel flow (§3.1) illustrate how corresponding
mechanisms in the transport equations of rij (1a) or εij (1b) contribute to the
budgets of different components (§3.2). In direct analogy to rij-transport (Mansour
et al., 1988), the fluctuating-pressure mechanisms in εij-transport (1b), Πεij , can be
analysed (§3.3) as the sum of a traceless redistributive term φεij and a conservative
pressure-diffusion part d
(u)
εij .
3.1. DNS computations
The DNS computations from which the present data were extracted are described in
Gerolymos and Vallet (2016a). They were obtained for low Reτw u 180 plane channel
flow using a very-high-order (Gerolymos, Se´ne´chal and Vallet, 2009) finite-volume
solver (Gerolymos, Se´ne´chal and Vallet, 2010) which has been thoroughly validated
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d(µ)+εxx ∼4
(
6A′+u C ′+u + 4B′+u
2
+ (∇A′u)+2
)
+ 24
(
4A′+u D′+u + 6B′+u C ′+u + (∇A′u)+ · (∇B′u)+
)
y+ +O(y+
2
)
d(µ)+εxy ∼4
(
3A′+u C ′+v + 4B′+u B′+v
)
+ 12
(
4A′+u D′+v + 6B′+v C ′+u + (∇A′u)+ · (∇B′v)+
)
y+ +O(y+
2
)
d(µ)+εyy ∼16B′+v
2
+ 144B′+v C ′+v y+ +O(y+
2
)
d(µ)+εzz ∼4
(
6A′+w C ′+w + 4B′+w
2
+ (∇A′w)+2
)
+ 24
(
4A′+w D′+w + 6B′+w C ′+w + (∇A′w)+ · (∇B′w)+
)
y+ +O(y+
2
)
d(u)+εxx ∼− 4A′+u
2
B′+v y+ − 6
(
A′+u
2
C ′+v + 4A′+u B′+u B′+v
)
y+
2
+O(y+
3
)
d(u)+εxy ∼− 12A′+u B′+v
2
y+
2 −
(
40A′+u B′+v C ′+v + 32B′+u B′+v
2
)
y+
3
+O(y+
4
)
d(u)+εyy ∼− 32B′+v
3
y+
3 − 160B′+v 2C ′vy+4 +O(y+5)
d(u)+εzz ∼− 4A′+w
2
B′+v y+ − 6
(
A′+w
2
C ′+v + 4A′+w B′+v B′+w
)
y+
2
+O(y+
3
)
Π+εxx ∼8B′+v
∂A′+u
∂x+
+ 8
(
3C ′+v
∂A′+u
∂x+
+ 2B′+v
∂B′+u
∂x+
− (∇A′u)+ · (∇B′u)+
)
y+ +O(y+
2
)
Π+εxy ∼− 12A′+u C ′+v − 4
(
12A′+u D′+v + 6B′+v C ′+u − (∇A′u)+ · (∇B′v)+
)
y+ +O(y+
2
)
Π+εyy ∼− 48B′+v C ′+v y+ + 8
(
−24B′+v D′+v − 9C ′+v 2 + (∇B′v)+2
)
y+
2
+O(y+
3
)
Π+εzz ∼8B′+v
∂A′+w
∂z+
+ 8
(
3C ′+v
∂A′+w
∂z+
+ 2B′+v
∂B′+w
∂z+
− (∇A′w)+ · (∇B′w)+
)
y+ +O(y+
2
)
d(p)+εxx =d
(p)+
εzz = 0 ∀y+
d(p)+εxy ∼− 8
(
B′+u B′+v + 3A′+u C ′+v
)
− 48
(
A′+u D′+v +B′+v C ′+u
)
y+ +O(y+
2
)
d(p)+εyy ∼− 16B′+v
2 − 192B′+v C ′+v y+ − 8
(
48B′+v D′+v + 36C ′+v
2
)
y+
2
+O(y+
3
)
φ+εxx =Π
+
εxx ∀y+
φ+εxy ∼
(
8B′+u B′+v + 12A′+u C ′+v
)
+ 4
(
6B′+v C ′+u + (∇A′u)+ · (∇B′v)+
)
y+ +O(y+
2
)
φ+εyy ∼16B′+v
2
+ 144B′+v C ′+v y+ + 8
(
24B′+v D′+v + 27C ′+v
2
+ (∇B′v)+2
)
y+
2
+O(y+
3
)
φ+εzz =Π
+
εzz ∀y+
Table 1. Asymptotic (as y+ → 0) expansions (2) of various terms (d(µ)εij , d(u)εij ,
d
(p)
εij , φεij , Πεij ) in the εij-transport equations (1b), in wall-units (Gerolymos
and Vallet, 2016a, (A3), p. 414), for the particular case of plane channel flow
(A.1–A.3).
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ε+εxx ∼8
(
2B′+u
2
+ (∇A′u)+2
)
+ 32
(
3B′+u C′+u + (∇A′u)+ · (∇B′u)+
)
y+ +O(y+
2
)
ε+εxy ∼16B′+u B′+v + 16
(
3B′+v C′+u + (∇A′u)+ · (∇B′v)+
)
y+ +O(y+
2
)
ε+εyy ∼16B′+v
2
+ 96B′+v C′+v y+ +O(y+
2
)
ε+εzz ∼8
(
2B′+w
2
+ (∇A′w)+2
)
+ 32
(
3B′+w C′+w + (∇A′w)+ · (∇B′w)+
)
y+ +O(y+
2
)
P
(1)+
εxx ∼− 8A′+u B′+v y+ +
(
8A′+u B′+v
Reτw
− 12A′+u C′+v − 16B′+u B′+v
)
y+
2
+O(y+
3
)
P
(1)+
εxy ∼− 8B′+v
2
y+
2
+ 8
B′+v 2
Reτw
− 3B′+v C′+v
 y+3 +O(y+4)
P
(1)+
εyy =P
(1)+
εzz = 0 ∀y+
P
(2)+
εxx ∼− 4B′+u
∂A′+u
∂x+
y+
2 − 4
(
2C′+u
∂A′+u
∂x+
− 1
Reτw
B′+u
∂A′+u
∂x+
)
y+
3
+O(y+
4
)
P
(2)+
εxy ∼− 2B′+v
∂A′+u
∂x+
y+
2 − 2
(
2C′+v
∂A′+u
∂x+
− 1
Reτw
B′+v
∂A′+u
∂x+
)
y+
3
+O(y+
4
)
P
(2)+
εyy ∼− 4C′+v
∂B′+v
∂x+
y+
4 − 4
(
2D′+v
∂B′+v
∂x+
− 1
Reτw
C′+v
∂B′+v
∂x+
)
y+
5
+O(y+
6
)
P
(2)+
εzz ∼− 4B′+w
∂A′+w
∂x+
y+
2 − 4
(
2C′+w
∂A′+w
∂x+
− 1
Reτw
B′+w
∂A′+w
∂x+
)
y+
3
+O(y+
4
)
P
(3)+
εxx ∼
4
Reτw
A′+u B′+v y+
2
+
4
Reτw
(
A′+u C′+v + 2B′+u B′+v
)
y+
3
+O(y+
4
)
P
(3)+
εxy ∼
4
Reτw
B′+v
2
y+
3
+
10
Reτw
B′+v C′+v y+
4
+O(y+
5
)
P
(3)+
εyy =P
(3)+
εzz = 0 ∀y+
P
(4)+
εxx ∼− 12A′+u
2
B′+v y+ − 4
(
6A′+u
2
C′+v + 8A′+u B′+u B′+v −A′+u B′+u ∂A
′+
w
∂z+
+A′+w B′+u
∂A′+u
∂z+
)
y+
2
+O(y+
3
)
P
(4)+
εxy ∼− 2
(
8A′+u B′+v
2 −A′+u B′+v ∂A
′+
w
∂z+
+A′+w B′+v
∂A′+u
∂z+
)
y+
2
−4
(
16A′+u B′+v C′+v + 8B′+u B′+v
2 −B′+u B′+v ∂A
′+
w
∂z+
+B′+w B′+v
∂A′+u
∂z+
+A′+w C′+v
∂A′+u
∂z+
+A′+u C′+v
∂A′+u
∂x+
)
y+
3
+O(y+
4
)
P
(4)+
εyy ∼− 40B′+v
3
y+
3 − 4
(
46B′+v
2
C′+v +A′+u C′+v
∂B′+v
∂x+
+A′+w C′+v
∂B′+v
∂z+
)
y+
4
+O(y+
5
)
P
(4)+
εzz ∼− 12A′+w
2
B′+v y+ − 4
(
6A′+w
2
C′+v + 8A′+w B′+w B′+v −A′+w B′+w ∂A
′+
u
∂x+
+A′+u B′+w
∂A′+w
∂x+
)
y+
2
+O(y+
3
)
Table 2. Asymptotic (as y+ → 0) expansions (2) of the various mechanisms of
production Pεij = P
(1)
εij +P
(2)
εij +P
(3)
εij +P
(4)
εij and of the destruction-of-dissipation
εεij appearing in the εij-transport equations (1b), in wall-units (Gerolymos and
Vallet, 2016a, (A3), p. 414), for the particular case of plane channel flow (A.1–
A.3).
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Figure 1. Budgets, in wall-units (Gerolymos and Vallet, 2016a, (A3), p. 414), of
the transport equations for the dissipation tensor εij (1b) and for the Reynolds-
stresses rij (1a), from the present DNS computations of turbulent plane channel
flow (Reτw u 180), plotted against the inner-scaled wall-distance y+ (logscale
and linear wall-zoom).
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by comparison with available (Moser et al., 1999; Hoyas and Jime´nez, 2008; Vreman
and Kuerten, 2014a; Vreman and Kuerten, 2014b; Vreman and Kuerten, 2016; Lee and
Moser, 2015) 1-point and 2-point DNS data (Gerolymos, Se´ne´chal and Vallet, 2010;
Gerolymos, Se´ne´chal and Vallet, 2013; Gerolymos and Vallet, 2014; Gerolymos and
Vallet, 2016a).
The terms in εij-transport (1b) contain correlations of 1-order-higher derivatives
of fluctuating quantities compared to the corresponding terms in rij-transport
(1a). Therefore, terms in the εij-transport equations (1b) are more sensitive to
computational truncation errors (Gerolymos, 2011), requiring finer grids to achieve
the same accuracy as the corresponding terms in the rij-transport equations (1a).
Furthermore, scaling analysis (Tennekes and Lumley, 1972, pp. 88–92) substantiates
that terms in εij-transport (1b) are generally related with Taylor-microscale and/or
Kolmogorov-scale structures, again suggesting that finer grids are required to obtain
these terms than εij itself. Accordingly, the computational grid resolution (Figs. 1, 4)
was high both streamwise (∆x+ u 5.6) and spanwise (∆z+ u 1.9) to correctly predict
the details of the elongated near-wall structures (Gerolymos, Se´ne´chal and Vallet, 2010,
Figs. 12–15, pp. 802–805). Finally, several of the terms in εij-transport (1b) present
important variations in the viscous sublayer (0 < y+ / 3; Fig. 1), requiring a fine wall-
normal grid, not only at the wall (∆y+w u 0.22 was found sufficient), but with weak cell-
size stretching to ensure good resolution in the entire near-wall region (Ny+≤10 = 26
points in the region 0 ≤ y+ < 10) and actually throughout the entire channel up to
the centerline (∆y+CL u 3.1). The streamwise resolution is similar to the finest grid
used in Vreman and Kuerten (2016) while the present spanwise resolution is roughly
twice finer. On the other hand, the present wall-normal resolution is roughly twice
coarser compared to Vreman and Kuerten (2016). Although Vreman and Kuerten
(2016) did not study the dissipation tensor, their data include the terms in the
transport-equations for the variances of the fluctuating velocity-gradients (Vreman and
Kuerten, 2014b), which can be combined (Gerolymos and Vallet, 2016a) to obtain the
transport equations for the diagonal terms {εxx, εyy, εzz} (but not for the shear term
εxy). The 2 sets of data are in very good agreement (Gerolymos and Vallet, 2016a,
Figs. 8, 9, pp. 410, 411).
Correlations in (1b) were computed using order-4 inhomogeneous-grid interpo-
lating polynomials (Gerolymos, 2012) and sampled at every iteration (∆t+s = ∆t
+ u
0.0059) for an observation interval t+OBS u 1113. Because of the relatively short ob-
servation interval, the pressure term Πεij (1b) which contains the highly intermittent
pressure-Hessian (Vreman and Kuerten, 2014b, Fig. 12, p. 21), was calculated from
the identity Πεij = d
(p)
εij + φεij (4). The RHS terms in (4) only involve fluctuating
pressure-gradients and converge much faster.
3.2. εij vs rij budgets
Comparison (Fig. 1) of the budgets of the Reynolds-stresses rij (1a) with those of
the dissipation tensor εij (1b), for plane channel flow (§A.2), reveals fundamental
differences, both in the relative importance of various mechanisms in the budgets of
each component and in the componentality of corresponding mechanisms.
Regarding the importance of different mechanisms in the budgets, it is noticeable
that the pressure term Π+εij is negligibly small both for the streamwise ε
+
xx and the
spanwise ε+zz components (Fig. 1). This difference is especially important in the
budgets of the spanwise components, r+zz and ε
+
zz. For the spanwise stress r
+
zz, in
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plane channel flow (A.1–A.3) there is no production mechanism (P+zz = 0 ∀ y+) and
gain comes mainly from the redistributive action of Π+ij (Fig. 1). On the contrary,
for the spanwise dissipation ε+zz, gain comes mainly from the production terms
P
(2)+
εzz + P
(4)+
εzz (A.5d), the pressure term Π
+
εzz being very weak (Fig. 1). Comparison
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Figure 2. Components, in wall-units (Gerolymos and Vallet, 2016a, (A3), p.
414), of the pressure terms Πεij and Πij in the transport equations for the
dissipation tensor εij (1b) and for the Reynolds-stresses rij (1a), from the present
DNS computations of turbulent plane channel flow (Reτw u 180), plotted against
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Figure 3. Components, in wall-units (Gerolymos and Vallet, 2016a, (A3), p.
414), of the terms representing destruction by molecular viscosity εεij and εij in
the transport equations for the dissipation tensor εij (1b) and for the Reynolds-
stresses rij (1a), from the present DNS computations of turbulent plane channel
flow (Reτw u 180), plotted against the inner-scaled wall-distance y+ (logscale
and linear wall-zoom).
of the componentality of Π+εij with that of Π
+
ij (Fig. 2) reveals that, although all the
components of each tensor are of the same order-of-magnitude, Π+εzz is consistently
weaker than the other components of Π+εij contrary to Π
+
zz which is the largest
component of Π+ij near the wall (y
+ / 10; Fig. 2). Another important difference
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is observed in the limiting behaviour of Π+εxy and Π
+
εzz both of which are 6= 0 at the
wall (Tab. 1) whereas [Πij ]
+
w = 0 because of the no-slip condition (A.1a).
The y+-distribution (Fig. 3) of the destruction-of-dissipation tensor ε+εij (1b)
differs substantially from that of the dissipation tensor ε+ij (1a). Away from the
wall, the streamwise components ε+xx and ε
+
εxx are in both cases much larger than
the other components. Near the wall ε+xx forms a small plateau (y
+ ∈ [8, 12]; Fig. 3)
and then increases as y+ → 0, reaching its global maximum at the wall, remaining by
far the largest component of ε+ij ∀ y+ (Fig. 3). On the contrary, ε+εxx reaches its global
maximum at y+ u 7 and then decreases as y+ → 0. At the same time ε+εzz sharply
increases near the wall, the 2 components crossing each other at y+ u 0.7 (Fig. 3)
to reach [ε+εzz ]
+
w > [ε
+
εxx ]
+
w . The wall-asymptotic expansion of ε
+
εij , as y
+ → 0, shows
(Tab. 2) that all of the ε+εij -components are 6= 0 at the wall in contrast to ε+ij , for which
[εyy]
+
w = [εxy]
+
w = 0 (Mansour et al., 1988, (16,21), pp. 21–22). Another difference
in the componentality of the 2 tensors (Fig. 3) is that while ε+xy < 0 ∀ y+ ∈ ]0, δ+[,
ε+εxy ≤ 0 ∀ y+ / 3 changes sign further away from the wall (ε+εxy ≥ 0 ∀ y+ ' 3;
Fig. 3). Therefore, while −ε+xy > 0 ∀ y+ ∈ ]0, δ+[ is a loss mechanism in the budgets
of r+xy < 0 ∀ y+ ∈ ]0, δ+[ (Fig. 1), this is not the case for −ε+εxy which is, in the
major part of the channel (y+ ' 3; Fig. 1), a gain mechanism in the εxy-budgets.
The componentality differences between rij , its dissipation εij and the destruction-of-
dissipation εεij are further studied in §4.
The most stricking componentality difference concerns the production mecha-
nisms, P+ij (1a) and P
+
εij (1b). In plane channel flow, all of the components of P
+
εij
are generally 6= 0 and contribute as gain to the corresponding ε+ij component (Fig. 1),
contrary to Pij (in plane channel flow Pyy = Pzz = 0 ∀ y+ Mansour et al., 1988).
The production mechanisms (1b) P
(1)+
εij (by the direct action of the components of
ε+ij on the mean velocity-gradient) and P
(3)+
εij (related to the mean velocity-Hessian)
have a similar componentality (P
(1)+
εyy = P
(1)+
εzz = P
(3)+
εyy = P
(3)+
εzz = 0 ∀ y+) in plane
channel flow (A.1–A.3), but this is not the case for the second production by mean
velocity-gradient mechanism P
(2)+
εij nor for the production by the triple correlations
of fluctuating velocity-gradients P
(4)+
εij , both of which are generally 6= 0 for all of the
components (Gerolymos and Vallet, 2016a, Fig. 6, p. 407).
At the wall (y+ = 0), production P+εij and turbulent diffusion by the fluctuating
velocities d
(u)+
εij are 0
(Tabs. 1, 2) =⇒ [Pεij ]+w = [d(u)εij ]+w = 0 (3a)
so that the wall-budgets of the εij-transport equations (A.4, A.5) reduce to
(Tabs. 1, 2) =⇒ [d(µ)εij ]+w + [Πεij ]+w = [εεij ]+w (3b)
In the particular case of the wall-normal diagonal component [Πεyy ]
+
w = 0 (Tab. 1),
implying [d
(µ)
εyy ]
+
w = [εεyy ]
+
w = 16B
′+
v
2
(Tabs. 1, 2). Notice also that, by (B.5), the
halftrace 12 [Πε`` ]
+
w
(Tab. 1)
= −8B′+v 2 in agreement with Mansour et al. (1988, (24), p.
24).
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Figure 4. Splitting (4, 5), of wall-normal and shear components (in plane channel
flow d
(p)+
εxx = d
(p)+
εzz = d
(p)+
xx = d
(p)+
zz = 0 ∀y+) of the pressure terms Πεij and Πij
in the transport equations for the dissipation tensor εij (1b) and for the Reynolds-
stresses rij (1a), into redistribution (Πεij and Πij) and pressure diffusion (d
(p)
εij
and d
(p)
ij ), in wall-units (Gerolymos and Vallet, 2016a, (A3), p. 414), from the
present DNS computations of turbulent plane channel flow (Reτw u 180), plotted
against the inner-scaled wall-distance y+ (logscale and linear wall-zoom).
3.3. Redistribution and pressure-diffusion
In exact analogy with rij-transport (1a), where by application of the product-rule of
differentiation (Riley et al., 2006, §2.12, pp. 44-46), the velocity/pressure-gradient
correlation Πij (1a) can be split into pressure diffusion d
(p)
ij and a redistributive term
φij
Πij
(1a)
=
∂
∂x`
(
−δi`u′jp′ − δj`u′ip′
)
︸ ︷︷ ︸
d
(p)
ij
+ p′
(
∂u′i
∂xj
+
∂u′j
∂xi
)
︸ ︷︷ ︸
φij
(4a)
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with
φmm
(4a, B.3)
= 0
(4a)
=⇒ Πmm = d(p)mm
(4a)
=
∂
∂x`
(
−2u′`p′
)
(4b)
the pressure term Πεij in (1b) can be split into pressure diffusion d
(p)
εij and a
redistributive term φεij , viz
Πεij
(1b)
=
∂
∂x`
(
−2νδi`
∂u′j
∂xk
∂p′
∂xk
− 2νδj` ∂u
′
i
∂xk
∂p′
∂xk
)
︸ ︷︷ ︸
d(p)εij
+ 2ν
∂p′
∂xk
[
∂
∂xk
(
∂u′i
∂xj
+
∂u′j
∂xi
)]
︸ ︷︷ ︸
φεij
(5a)
with
φεmm
(5a, B.3)
= 0
(5a)
=⇒ Πεmm = d(p)εmm
(5a)
=
∂
∂x`
(
−4ν ∂u
′
`
∂xk
∂p′
∂xk
)
(5b)
Because of the incompressible fluctuating continuity (B.3), φεij (5a) is traceless (5b),
exactly like φij (4). Therefore it does not appear in the transport equation for
the dissipation-rate ε of the turbulence kinetic energy (Mansour et al., 1988, (23),
p. 23) and has a redistribution role among components of εij . In second-moment
closures, φij (4) occupies a central place (Launder et al., 1975; Speziale, Sarkar and
Gatski, 1991; Gerolymos, Lo and Vallet, 2012; Jakirlic´ and Hanjalic´, 2013) in modelling
work, because pressure diffusion d
(p)
ij is absent in homogeneous flows. It is therefore
interesting to investigate (Fig. 4) the splitting (5) of Πεij in comparison with the
splitting of Πij (4). Since only y-gradients of second-moments of fluctuating quantities
are 6= 0 in plane channel flow (A.3) the splittings (4, 5) are only relevant for the wall-
normal and the shear components (in plane channel flow d
(p)+
εxx = d
(p)+
εzz = d
(p)+
xx =
d
(p)+
zz = 0 ∀ y+).
As already observed in the analysis of rij-transport (Mansour et al., 1988),
pressure diffusion is generally weak away from the wall, so that (Fig. 4) both
Πεyy u φεyy ∀ y+ ' 10 and Πyy u φyy ∀ y+ ' 10. These approximate equalities
also apply for the shear components, but for higher y+ ' 30 (Fig. 4). This implies
that modelling φεij in lieu of Πεij in the log-region of the velocity profile (Coles, 1956)
could be a reasonable working choice, exactly like in rij-transport models (Launder
et al., 1975). On the other hand, nearer to the wall (1 / y+ / 10; Fig. 4) the splittings
of Πεij (5) and Πij (4) are quite different. Regarding Πij , both Πyy and Πxy are very
small for y+ / 5, so that φyy u −d(p)yy ∀y+ / 8 and φxy u −d(p)xy ∀y+ / 4 (Fig. 4),
but this dows not apply to Πεij . Notice also that while [Πij ]w
(1a, B.3)
= 0 because of
the no-slip condition at the wall this is not the case for Πεij (only the wall-normal
component [Πεyy ]w = 0 at the wall; Tab. 1). These differences in near-wall behaviour
between Πεij and Πij should be kept in mind in modelling efforts of the pressure terms
in differential εij-transport closures.
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Figure 5. Components and invariants of the anisotropy tensors of the Reynolds-
stresses bij (7a), of the dissipation tensor bεij (7b) and of the destruction-of-
dissipation tensor bεεij (7c), from the present DNS computations of turbulent
plane channel flow (Reτw u 180), plotted against the inner-scaled wall-distance
y+ (logscale and linear wall-zoom).
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ε+εxx ∼8
(
2B′+u
2
+ (∇A′u)+2
)
+ 32
(
3B′+u C ′+u + (∇A′u)+ · (∇B′u)+
)
y+ +O(y+
2
)
ε+εxy ∼16B′+u B′+v + 16
(
3B′+v C ′+u +
{
3B′+u C ′+v
}
+ (∇A′u)+ · (∇B′v)+
)
y+ +O(y+
2
)
ε+εyy ∼16B′+v
2
+ 96B′+v C ′+v y+ +O(y+
2
)
ε+εyz ∼
[
16B′+w B′+v + 16
(
3B′+v C ′+w + 3B′+w C ′+v + (∇A′w)+ · (∇B′v)+
)
y+ +O(y+
2
)
]
ε+εzz ∼8
(
2B′+w
2
+ (∇A′w)+2
)
+ 32
(
3B′+w C ′+w + (∇A′w)+ · (∇B′w)+
)
y+ +O(y+
2
)
ε+εzx ∼
[
8
(
2B′+u B′+w + (∇A′u)+ · (∇A′w)+
)
+16
(
3B′+u C ′+w + 3B′+w C ′+u + (∇A′u)+ · (∇B′w)+ + (∇A′w)+ · (∇B′u)+
)
y+ +O(y+
2
)
]
Table 3. Asymptotic (as y+ → 0) expansions of the components of εε (1b), in
wall-units (Gerolymos and Vallet, 2016a, (A3), p. 414), for general inhomogeneous
incompressible turbulent flow near a plane no-slip xz-wall (terms within square
brackets [· · · ] are 3-D terms which are identically = 0 for 2-D in-the-mean flow
whereas the term within curly brackets {· · · } in ε+xy , B′+u C′+v = 0 (B.11c) in the
particular case of plane channel flow).
4. Destruction-of-dissipation tensor εεij
The diagonal components and traces of the 3 tensors
rij := u′iu
′
j =⇒ rxx, ryy, rzz ≥ 0 ≤k := 12u′mu′m (6a)
εij := 2ν
∂u′i
∂x`
∂u′j
∂x`
=⇒ εxx, εyy, εzz ≥ 0 ≤ε := 12εmm (6b)
εεij := 4ν
2 ∂
2u′i
∂xk∂x`
∂2u′j
∂xk∂x`
=⇒ εεxx , εεyy , εεzz≥ 0 ≤εε := 12εεmm (6c)
are positive in every frame-of-reference. Therefore these tensors are positive-definite
(Gerolymos and Vallet, 2016a) implying that the invariants (Rivlin, 1955) of the
corresponding traceless anisotropy tensors (Gerolymos, Lo and Vallet, 2012)
bij :=
u′iu
′
j
2k
− 13δij ; IIb = − 12bmkbkm ; IIIb = 13bmkbk`b`m (7a)
bεij :=
εij
2ε
− 13δij ; IIbε = − 12bεmkbεkm ; IIIbε = 13bεmkbεk`bε`m (7b)
bεεij :=
εεij
2εε
− 13δij ; IIbεε =− 12bεεmk bεεkm ; IIIbεε = 13bεεmk bεεk` bεε`m (7c)
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Figure 6. Lumley’s (1978) realizability triangle (Simonsen and Krogstad, 2005)
in the (−II, III)-plane (7) and trajectory in the wall-normal direction of the
locus of the anisotropy-tensor invariants of the Reynolds-stresses bij (7a), of the
dissipation tensor bεij (7b) and of the destruction-of-dissipation tensor bεεij (7c),
from the present DNS computations of turbulent plane channel flow (Reτw u 180).
lie within Lumley’s (1978) realisability triangle in the (III,−II)-plane (Gerolymos and
Vallet, 2016a). Lumley’s (1978) flatness parameters
A := 1 + 27IIIb + 9IIb ; Aε := 1 + 27IIIbε + 9IIbε ; Aεε := 1 + 27IIIbεε + 9IIbεε
(7d)
are bounded in the interval [0, 1] (Lumley, 1978), between the 2-component (2-C) limit
corresponding to the value 0 and the isotropic componentality corresponding to the
value 1 (Simonsen and Krogstad, 2005). It is well known (Mansour et al., 1988)
that at the wall both r and ε reach the 2-C limit at the wall. It was recently
shown (Gerolymos and Vallet, 2016a) that the 2-C limit at the wall is approached
quadratically (Aε ∼y+→0 4A ∼y+→0 O(y+2)). This result was obtained by calculating
the wall-asymptotic expansions of b (Gerolymos and Vallet, 2016a, Tab. 1, p. 392) and
of bε (Gerolymos and Vallet, 2016a, Tab. 2, p. 393) and of their invariants. However,
as shown previously (Fig. 3) εε is not 2-C at the wall, where all of its components are
generally 6= 0 (Tabs. 2, 3).
These differences in behaviour are better understood by considering (Fig. 5)
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the anisotropy tensors {b,bε,bεε} and their invariants (7). Although the shear
components {r+xy, ε+xy, ε+εxy} are invariably much smaller than the traces {k+, ε+, ε+ε }
(6), their anisotropy (Fig. 5) highlights some fundamental differences between the 3
tensors. The shear Reynolds-stress is r+xy < 0 ∀ y+ ∈ ]0, δ+[ (sign rxy = sign bxy;
Fig. 5), whereas ε+xy < 0 ∀ y+ ∈ ]0, δ+[ is close to 0 at y+ u 25 (Fig. 5), ε+εxy
exhibiting a radically different behaviour (Figs. 3, 5). The wall-asymptotic expansion
of bεε (Tab. 4) confirms that εε is not 2-C at the wall, contrary to b (Gerolymos and
Vallet, 2016a, Tab. 1, p. 392) and bε (Gerolymos and Vallet, 2016a, Tab. 2, p. 393).
This is clearly shown by the y+-distribution of the corresponding flatness parameter
(7d) Aεε > 0 ∀ y+ (Fig. 5), which reaches its minimum value u 0.03 at y+ u 5,
then increasing to [Aεε ]w u 0.185. These differences in near-wall behaviour are also
particularly visible in the y+-distribution of the anisotropy invariants (Fig. 5) and in
the anisotropy invariant mapping (AIM) of εε (Fig. 6). The locus of {IIIbε ,−IIbε} does
not reach the 2-C boundary (Fig. 6). Instead, near the wall, {IIIbε ,−IIbε} reaches
the axisymmetric disk-like boundary of Lumley’s (1978) realisability triangle (Fig. 6),
roughly corresponding to y+ u 0.7 where ε+εxx = ε
+
εzz (Fig. 3) and bεεxx = bεεzz
(Fig. 5), also marked by the near-wall minimum of IIIbε (Fig. 5). For y
+ / 0.7,
the locus of bεε in the (IIIbεε ,−IIbεε )-plane returns toward the interior of Lumley’s
(1978) realisability triangle (Fig. 6). The contrasting behaviour of bεε compared to
b and bε (Figs. 5, 6) further highlights the complexity of near-wall turbulence, where
2-C componentality at the wall applies to both r and ε but not to εε. Examination of
the wall-asymptotic behaviour of various terms in the εij-budgets (Tabs. 1, 2) reveals
that neither d
(µ)
εij nor Πεij are 2-C at the wall, in line with (3b), whereas Pεij and d
(u)
εij
are 2-C at the wall (Tabs. 1, 2). Notice in particular the wall-behaviour of Πεij , for
which [Πεxy ]
+
w 6= 0 while [Πεyy ]+w = 0 (Tab. 1). Notice also that, at the wall, ε−1εw εw
defines, by dimensional analysis (Tennekes and Lumley, 1972, p. 5), a time-scale which
is finite contrary to kwε
−1
w = 0.
5. Conclusions
The paper studies εij-budgets, including the shear component, and compares the
behaviour of different mechanisms with the corresponding mechanisms in rij-budgets,
using novel DNS data for low Reτw u 180 plane channel flow.
All of the components of production Pεij are generally 6= 0 (specifically all of
the components of P
(2)
εij and P
(4)
εij ) and contribute as gain to the corresponding εij-
budgets, contrary to the rij-budgets where for plane channel flow Pyy = Pzz = 0 ∀ y+.
The pressure mechanism Πεij has a very weak contribution to the budgets of the
streamwise εxx and spanwise εzz components, in contrast to Πij which is important
in the budgets of all rij-components, especially in the log-region. The destruction-of-
dissipation tensor εεij behaves very differently from the dissipation tensor εij . The
shear component εεxy > 0 ∀ y+ ' 3 is a gain mechanism in the εxy-budgets except very
near the wall (y+ / 3), contrary to εxy < 0 ∀ y+ ∈ ]0, δ+[ which is a loss mechanism
in the rxy-budgets. Finally, analytical results and DNS data for the wall-asymptotic
behaviour of different terms in the εij-budgets show that the wall boundary-condition
is [d
(µ)
εij ]
+
w + [Πεij ]
+
w = [εεij ]
+
w instead of the well known condition [d
(µ)
ij ]
+
w = [εij ]
+
w for
the rij-budgets (Mansour et al., 1988).
All of the 3 tensors (rij , εij and εεij ) being positive-definite, their anisotropy was
studied using AIM (Lee and Reynolds, 1987), revealing in particular that, near the
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wall, the destruction-of-dissipation tensor εεij , after reaching the axisymmetric disk-
like boundary (roughly where εεxx u εεzz , at y+ u 0.7), returns inside the realisability
triangle, never approaching the 2-C boundary. The DNS data are corroborated by the
wall-asymptotic expansions of εεij and of its anisotropy tensor bεεij . This observed
componentality of εεij is strickingly different from that of rij or εij , both of which
are 2-C at the wall, and highlights the difference between componentality of various
tensors and dimensionality of turbulence (Kassinos et al., 2001).
The analysis of the DNS data highlights the complexity of εij-transport, especially
near the wall and regarding the shear component εxy. It seems plausible that the
specific behaviour of the εxy-budgets, both with respect to rxy-budgets and compared
to the diagonal components of εij , can only be modelled by differential rij–εij closures.
It is hoped that the present DNS data will be useful in the development of such closures.
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Appendix A. Fully developed plane channel flow
We consider fully developed (xz-invariant) plane channel flow (the channel height is
2δ and xyz are respectively the streamwise, wall-normal and spanwise directions) and
use nondimensional inner variables (Gerolymos and Vallet, 2016a, wall-units, (A.3),
p. 414).
A.1. Mean-flow and symmetries
No-slip boundary-conditions apply at the walls
y+ ∈ {0, 2δ+} =⇒ u¯+ = v¯+ = w¯+ = u′+ = v′+ = w′+ = 0 ; ∀x+, z+, t+ (A.1a)
The usual hypotheses that the mean-flow is steady, 2-D and that the x-wise location
that is investigated is sufficiently downstream of the channel inlet to achieve fully
developed flow (Zanoun, Nagig and Durst, 2009; Schultz and Flack, 2013) in the
streamwise direction
∂(·)
∂t+
= 0 ; w¯+ = 0 ; r+yz = r
+
zx = 0 ;
∂(·)
∂z+
= 0 ;
∂u¯+i
∂x+
= 0 ;
∂r+ij
∂x+
= 0 (A.1b)
are made. Under these conditions (A.1), the mean continuity (Mathieu and
Scott, 2000, (4.5), p. 76) and momentum (streamwise and wall-normal) equations
(Mathieu and Scott, 2000, (4.9), p. 77), imply (Mathieu and Scott, 2000, pp. 105–
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111) the exact relations
v¯+ =0 ∀x+, y+ (A.2a)
∂p¯+
∂x+
=
dp¯+w
dx+
= −
[τw
δ
]+
= − 1
δ+
= − 1
Reτw
= const ∀x+, y+ (A.2b)
−r+xy +
du¯+
dy+
=
(
1− y
+
Reτw
)
(A.2c)
p¯+(x+, y+) = p¯+w(x
+)− r+yy(y+) (A.2d)
for the mean streamwise velocity u¯+(y+) and mean pressure p¯+(x+, y+) fields, with
a constant streamwise pressure-gradient ∂xp¯ = dxp¯w = const (A.2b). In (A.2b, A.2c)
Reτw = δ
+ is the friction Reynolds number (Gerolymos and Vallet, 2016a, (A.3g), p.
414). In (A.1, A.2) deterministic potential body-forces (eg gravity) in the momentum
equations are included in the mean-pressure field (Monin and Yaglom, 1971, p. 31).
Recall that the xzt-homogeneity of the averages implies the relations
∂(·)′[·]′
∂q
= 0 =⇒ (·)′ ∂[·]
′
∂q
= −[·]′ ∂(·)
′
∂q
∀q ∈ {x, z, t} (A.3a)
(·)′ ∂
2[·]′
∂q1∂q2
= −∂(·)
′
∂q1
∂[·]′
∂q2
= −∂[·]
′
∂q1
∂(·)′
∂q2
∀q1, q2 ∈ {x, z, t} (A.3b)
A.2. εij-budgets in plane channel flow
Under fully developed plane channel flow conditions (A.1, A.2) the εij-transport
equations simplify to
(1b, A.1, A.2) =⇒ d
dy
[
−ρ
(
v′2ν
∂u′i
∂xk
∂u′j
∂xk
)]
︸ ︷︷ ︸
d(u)εij
+µ
d2εij
dy2︸ ︷︷ ︸
d(µ)εij
−ρ (εiyδjx + εjyδix) du¯
dy︸ ︷︷ ︸
P (1)εxx
−ρ (Eijxy + Eijyx) du¯
dy︸ ︷︷ ︸
P (2)εij
−ρ
(
2νv′
∂u′i
∂y
δjx + 2νv′
∂u′j
∂y
δix
)
d2u¯
dy2︸ ︷︷ ︸
P (3)εij
+P (4)εij + Πεij − ρεεij = 0
(A.4)
where Eijkm := 2ν∂xku′i∂xmu′j (Gerolymos and Vallet, 2016a, (3.1a), p. 402) and the
3 last terms in (A.4) retain their general expressions (1b). The relevant equations for
the εij-components (recall that by 2-D z-wise symmetry ε
+
yz = ε
+
zx = 0 ∀y+) read in
wall-units
d
dy
[
−ρ
(
v′2ν
∂u′
∂xk
∂u′
∂xk
)]
︸ ︷︷ ︸
d(u)εxx
+µ
d2εxx
dy2︸ ︷︷ ︸
d(µ)εxx
−2ρεxy du¯
dy︸ ︷︷ ︸
P (1)εxx
−2ρExxxy du¯
dy︸ ︷︷ ︸
P (2)εxx
−4ρνv′ ∂u
′
∂y
d2u¯
dy2︸ ︷︷ ︸
P (3)εxx
+P (4)εxx + Πεxx − ρεεxx
(A.4)
= 0 (A.5a)
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d
dy
[
−ρ
(
v′2ν
∂u′
∂xk
∂v′
∂xk
)]
︸ ︷︷ ︸
d(u)εxy
+µ
d2εxy
dy2︸ ︷︷ ︸
d(µ)εxy
−ρεyy du¯
dy︸ ︷︷ ︸
P (1)εxy
−ρ (Exyxy + Exyyx) du¯
dy︸ ︷︷ ︸
P (2)εxy
−ρ2νv′ ∂v
′
∂y
d2u¯
dy2︸ ︷︷ ︸
P (3)εxy
+P (4)εxy + Πεxy − ρεεxy
(A.4)
= 0 (A.5b)
d
dy
[
−ρ
(
v′2ν
∂v′
∂xk
∂v′
∂xk
)]
︸ ︷︷ ︸
d(u)εyy
+µ
d2εyy
dy2︸ ︷︷ ︸
d(µ)εyy
+ 0︸︷︷︸
P (1)εyy
−2ρEyyxy du¯
dy︸ ︷︷ ︸
P (2)εyy
+ 0︸︷︷︸
P (3)εyy
+P (4)εyy + Πεyy − ρεεyy
(A.4)
= 0 (A.5c)
d
dy
[
−ρ
(
v′2ν
∂w′
∂xk
∂w′
∂xk
)]
︸ ︷︷ ︸
d(u)εzz
+µ
d2εzz
dy2︸ ︷︷ ︸
d(µ)εzz
+ 0︸︷︷︸
P (1)εzz
−2ρEzzxy du¯
dy︸ ︷︷ ︸
P (2)εzz
+ 0︸︷︷︸
P (3)εzz
+P (4)εzz + Πεzz − ρεεzz
(A.4)
= 0 (A.5d)
where the symmetry relations Exxxy = Exxyx, Eyyxy = Eyyyx and Ezzxy = Ezzyx were
used.
Appendix B. Asymptotic behaviour in the viscous sublayer (y+ → 0)
Near a plane xz-wall, located at y+ = 0, the fluctuating quantities are expandend
y-wise in Taylor-series around y+ = 0 following (2). The application of the usual
gradient-operator (Pope, 2000, (A.48), p. 651) ∇(·) := ~e`∂x`(·) on the coefficients
of (2), which are stationary random functions of {x+, z+, t+} independent of y+,
produces only in-plane xz-gradients(
∇(·)′w
)+
=~ex
∂(·)′+w
∂x+
+~ez
∂(·)′+w
∂z+
(B.1a)(
∇A′(·)
)+
= ~ex
∂A′+(·)
∂x+
+ ~ez
∂A′+(·)
∂z+
(B.1b)(
∇B′(·)
)+
= ~ex
∂B′+(·)
∂x+
+ ~ez
∂B′+(·)
∂z+
(B.1c)
...
B.1. Fluctuating continuity equation
The no-slip condition (A.1a) implies that the wall-terms in the expansions (2)
u′+w = v
′+
w = w
′+
w = 0 ∀ x+, z+, t+ (B.2)
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Using the expansions (2), along with (B.2), in the fluctuating continuity equation
(Mathieu and Scott, 2000, (4.6), p. 76)
∂u′+`
∂x+`
= 0 (B.3)
and equating the coefficients of different powers of y+ to 0, yields
A′+v =0 (B.4a)
∂A′+w
∂z+
+
∂A′+u
∂x+
+ 2B′+v =0 (B.4b)
∂B′+w
∂z+
+
∂B′+u
∂x+
+ 3C ′+v =0 (B.4c)
respectively for the {O(1), O(y+), O(y+2)} terms, with analogous relations for HOTs.
Relation (B.4b) corresponds to Mansour et al. (1988, (3), p. 19). Notice that (B.4b)
yields the identity
B′+v
2
=− 12B′+v
∂A′+u
∂x+
− 12B′+v
∂A′+w
∂z+
(B.5)
Relations (2, B.2, B.4, B.5) are generally valid for xz-inhomogeneous incompressible
flow near an xz-wall. They provide the wall-asymptotic expansions of all correlations
containing only fluctuating velocities and their derivatives, and were used to calculate
the wall-asymptotic expansions of εεij (Tab. 3) and of its anisotropy tensor bεεij and
invariants (Tab. 4). The relation of the wall-asymptotic expansion of the fluctuating
pressure p′ to the expansions of the fluctuating velocities depends on the particular
mean-flow studied, and was therefore calculated for fully developed plane channel flow.
B.2. Plane channel flow
In the particular case of plane channel flow, conditions (A.1–A.3) imply specific
relations for the mean and fluctuating fields, which were used to determine the wall-
asymptotic expansions (Tabs. 1, 2) of various terms in the εij-transport (1b) simplified
for plane channel flow (A.4, A.5).
B.2.1. Mean-flow Using the expansion of r+xy obtained from (2, B.2, B.4a) in the
x-wise component of the mean-momentum equation (A.2c) yields, after integration
and application of the no-slip boundary-condition (A.1a), the expansion of the mean
streamwise velocity
u¯+ ∼
y+→0
y+− 1
2Reτw
y+
2
+ 14A
′+
u B
′+
v y
+4+ 15
(
B′+u B′+v +A′+u C ′+v
)
y+
5
+O(y+
6
) (B.6a)
including the dominant linear term y+, an O(y+
2
) correction associated with the mean
streamwise pressure-gradient (A.2b), which→ 0 as Reτw →∞ at fixed y+, and higher
O(y+
4
) terms. Therefore, the gradient [dyu¯]
+ and Hessian [d2yyu¯]
+ which appear in
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the production terms {P (1)εij , P (2)εij , P (3)εij } of the εij-transport equations (1b, A.4, A.5)
expand as
du¯+
dy+
∼
y+→0
1− 1
Reτw
y++A′+u B′+v y+
3
+
(
B′+u B′+v +A′+u C ′+v
)
y+
4
+O(y+
5
) (B.6b)
d2u¯+
dy+2
∼
y+→0
− 1
Reτw
+3A′+u B′+v y+
2
+4
(
B′+u B′+v +A′+u C ′+v
)
y+
3
+O(y+
4
) (B.6c)
By (A.2d, 2, B.2, B.4a), the mean pressure can be expanded as
p¯+ ∼
y+→0
p¯+w(x)−B′+v 2y+4 − 2B′+v C ′+v y+5 − (2B′+v D′+v +C ′+v 2)y+6 +O(y+7) (B.6d)
B.2.2. Wall-normal (y) fluctuating momentum and fluctuating pressure field Using
(2, B.2, B.4a, B.6a) in the wall-normal component of the fluctuating momentum
equation (Mathieu and Scott, 2000, (4.31), p. 85)
∂u′+i
∂t+
+ u¯+`
∂u′+i
∂x+`
= − ∂
∂x+`
(
u′+i u
′+
` − r+i`
)− u′+` ∂u¯+i∂x+` − ∂p
′+
∂x+i
+
∂2u′+i
∂x+` ∂x
+
`
(B.7)
and using the symmetry conditions (A.1b) implies that the fluctuating pressure field
expansion (2) should be
p′+ ∼
y+→0
p′+w + 2B
′+
v y
+ + 3C ′+v y
+2 + 13
(
12D′+v +
(∇2B′v)+ − ∂B′+v∂t+
)
y+
3
+ · · · (B.8)
ie that the fluctuating pressure field, as y+ → 0, is uniquely determined to O(y+3)
by the wall-normal fluctuating velocity field v′ (Gerolymos and Vallet, 2016a, (2.3b),
p. 391), in line with the plane wall boundary condition ∂yp
′ = µ∂2yyv
′ (Pope, 2000,
(11.173), p. 439). Relation (B.8) corresponds to Mansour et al. (1988, (2, 6), pp.
18–20). In (B.8) p′+w (x
+, z+, t+) is the fluctuating pressure at the wall.
B.2.3. Wall-parallel (xz) fluctuating momentum Using the expansions (2, B.2, B.4a,
B.6) in the fluctuating x-momentum equation (B.7), and equating the coefficients of
different powers of y+ to 0, yields
∂p′+w
∂x+
− 2B′+u = 0 (B.9a)
2
∂B′+v
∂x+
− ∂
2A′+u
∂z+2
− ∂
2A′+u
∂x+2
+
∂A′+u
∂t+
− 6C ′+u = 0 (B.9b)
respectively for the {O(1), O(y+)} terms, with the corresponding relations
∂p′+w
∂z+
− 2B′+w = 0 (B.10a)
2
∂B′+v
∂z+
− ∂
2A′+w
∂z+2
− ∂
2A′+w
∂x+2
+
∂A′+w
∂t+
− 6C ′+w = 0 (B.10b)
for the fluctuating z-momentum equation (B.7). Relations (B.9a, B.10a) correspond
to Mansour et al. (1988, (4), p. 19) and relations (B.9b, B.10b) to Mansour et al.
(1988, (7, 8), p. 20).
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By (B.9a, B.10a),
(B.9a, B.10a) =⇒ 12
∂2p′+w
∂x+∂z+
=
∂B′+u
∂z+
=
∂B′+w
∂x+
(B.11a)
whence, using (A.3a),
(B.11a, A.3a) =⇒ B′+u ∂B
′+
w
∂x+
= B′+w
∂B′+u
∂z+
= B′+w
∂B′+u
∂x+
= B′+u
∂B′+w
∂z+
= 0 (B.11b)
Notice that the relations B′+u ∂x+B
′+
w
(A.3a)
= −B′+w ∂x+B′+u is also obvious because the
flow is 2-D z-wise. Relation (B.11a) corresponds to Mansour et al. (1988, (5), p. 19).
Furthermore, substituting C ′+v by (B.4c) in B
′+
u C
+
v readily yields by (A.3a, B.11b)
B′+u C ′+v
(B.4c, A.3a, B.11b)
= 0 (B.11c)
the corresponding relation B′+w C+v = 0, which can also be proven in the same way from
(B.11b), being obvious because the flow is 2-D in the mean z-wise (A.1b). Finally, by
(B.9b, A.3a)
B′+v
∂A′+u
∂t+
(B.9b, A.3a)
= 6B′+v C ′+u − ∂A
′+
u
∂z+
∂B′+v
∂z+
− ∂A
′+
u
∂x+
∂B′+v
∂x+
(B.12)
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